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Many important mathematical models in continuum mechanics lead to the study of nonlinear
systems of differential equations with partial derivatives of the composite type. In such
systems, different components of the sought vector-solution (such as velocity, density, pres-
sure, saturation, temperature, etc.) satisfy equations of different types (parabolic, hyper-
bolic, elliptic). The systems of equations are degenerate in the sense of their type or
order for certain values of the sought solution or its derivatives. Here, the solutions them:
selves have a finite time of localization (vanishing), a finite rate of propagation of per-
turbations from the initial data, spatial localization with inertia (metastable), etc. The
fact that the solutions of degenerate parabolic equations (equations of the type describing
nonlinear heat conduction) are associated with a finite perturbation velocity was evidently
first noted and studied in [1-3], while the same property was discovered and investigated
for elliptic equations in [4] in connection with study of the problem of the discharge of
a plane sonic jet. A large number of studies was subsequently devoted to examining these
questions for a single parabolic equation. A fairly complete survey of these studies can
be found in [5, 6]. Questions related to the localization of solutions which increase with-
out limit during a finite time are now being actively investigated for quasilinear parabolic
equations [7]. The results for one parabolic equation have generally been obtained on the
basis of theorems which compare the test solution with an auxiliary solution, such as a simi-
larity solution. Methods of this type generally cannot be used for systems of equations of
the composite type. The authors of [8-10] proposed and substantiated an energy method of
studying the character of perturbations described by the solutions of general equations of
the elliptic, parabolic, and composite types. The method is based on deriving and studying
ordinary differential inequalities for energy functions. The method was generalized and de-
veloped in [11-18] to embrace higher-order equations. It has proven effective for investi-
gating weak generalized solutions of systems of the composite type encountered in continuum
mechanics.

In [11, 19-23], the energy method was used to establish the finite time of localization
and finite rate of propagation of perturbations from initial data in several mathematical
models of continuum mechanics (filtration flows of a two-phase liquid, combined flows of sur-
face water and groundwater, flows of water in open channels, flows of incompressible nonuni-
form viscoplastic media, unidimensional flows of viscous gas, etc.). It was shown in [21]
that an axisymmetric jet moving along the symmetry axis at sonic velocity levels out (simi-
lar to the plane case [4]) over a finite distance.

Here, we establish the finite localization time and metastable localization (localiza-
tion with inertia) of solutions for some of the above-mentioned models in the presence of
"sources'" — assigned right sides. It should be noted that we will not address questions re-
lating to the existence of the corresponding solutions. We will study only their qualita-
tive properties.

1. Incompressible Nonuniform Non-Newtonian Fluids. The system of equations represen-
ting the laws of conservation is of the composite type and can be written in the form [24-26]

dp __dp; - _ (% 9.

—r=r+vyp=0, Vf)*(dzl’ ...,azn), (1.1
divv =0, v = (vg ..., Up); (1.2)
d p i . _

p%zp(—%*‘(v V)V)zdlvp-i—pf, (1.3)
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6zj 6—1:
re Qo R, te {0, T), Q= Qx(0, 7).
Here, v(t, %), p(t, x), and p(t, x) are the sought velocity, density, and pressure in the

fluid; P and D are the stress tensor and strain-rate tensor; E is the unit tensor; fi(t, x)
is the prescribed body force — a '"source."

We will assume that the assigned symmetric tensor F, determining P, satisfies the condi-
tion

DI F:D=F;D;; 1<g, 8= const >0, 1.5}
For the classical incompressible viscous fluid, P = —pE + 2pD, and, in (1.5), § = 2, g = 2.
For viscoplastic fluids {25, 26], P = —pE + 2{(u + t|D|9"!)D, 0 < v < 1 and, using the

Young inequality, we have (1.5) with

§ = nler®-1/00Y6(0,6 — 1)©-1/e,

pa—

. 1.6}
qg=1{2/0 - l(c - 1)© — 1)1O} = (o + 1.2). ( ’
Let us examine the following initial-boundary-value problem for w = (v, p, p)
Vit 2) =0, (z, t) & Ty = 02 (0, T) 1.7
v(0, 2) = vo(a), p(0, z) = py(x), z = Q. (1.8}

It should be noted that for problem (1.1)-(1.4), (1.7), (1.8) in Eg. (1.5) with o = 0
the author of [27] proved the theorem of the existence of the weak generalized solution w =
(vy p, p)e Vq, where Vg = {wt € L®(0, T; L2(Q)) n L2(0, T; W 4(Q)), 1/M < p < M, ppe
L2(0, T; W™ t-2(q))} (g = 2), with allowance for the notation in [28]. For a uniform incom-
pressible fluid [p(t, x) = const], theorems of the existence of the solution of system (1.1)-
(1.4) for certain relations (1.5) were proven in [28, 29]. We will study gqualitative proper-
ties of the solutionsw & V., of system (1.1)-(1.4), assuming that Q is a finite region with
a smooth boundary. Let condition (1.5) be satisfied. In this condition

g 2r/2 4+ n), 2), n =2, (1.9)

and, additionally,
(Vol@) [0 < C, = const, 1031 < py << M; (1.10)
I ) <6 (0 —u TR, (1.11)

C;=const, uy =—max(0,u), T;<=@©, 7).

Theorem 1.1 (finite localization time). Letw = (v, p, p)€ V, be the generalized solu-
tion of problem (1.1)-(l.4), (1.7), (1.8) and let conditions (1.5), (1.9)-(1.11) be satisfied.

Then for any Tge (0, T) there exist constants Cy, Cf (generally small relative to §) and
C such that

v Mre<CU —yTni*o (1.12)

and, in particular,

vil, ) =1, r = Q, I, <t (1.13)
Proof. Following the method of energy estimates [9, 11-13}, we first prove the follow-
ing equality for the solution w being examined:

It . N
% T (iv P, ¥ + (of Vo - — (F1 D Do + (o, vy =1,

) Aot v ) v Do (4, v)e ":jvw'df- (.34

Q

The latter is formally obtained by multipilying Eq. (1.3) by v(t, x) and then integrating by
parts with allowance for Egs. (1.1), (1.2) and boundary condition (1.7).
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We then use the Cornu inequality [26]

K|Vlme < IDM)Hga m < gn/(n — q) (1.15)

with m = 2 and with allowance for (1.5), (1.11) to evaluate the right side of (1.14) as fol-
lows:

I<—=8|Dlgo+ MR ielD]e<

< (—all™ £ b (1 -y T)}e), (1.16)

a = S(KIV T, b = (Miga) (g — 1)/g(Sq/2) 150 ¢

Combining (1.14) and (1.16), we arrive at an ordinary differential inequality for the energy
function H(t):

At + a2 b (1 — yT YD, 1)< MC,. (1.17)

All of the nonn?gative solutions of inequality (1.17) are dominated by the function II(t) =
MC,(1 - t/Tf)z/ 2-q) if the constants Cn> Cg, T, M, K, g, and § satisfy the relation —2MC/
(2 = q)Tf + a(MCV)q/2 2 b. Inspection of the latter completes the proof of the theorem.

Note 1.1, Theorem 1.1 has the following physical interpretation. The flow of a non-
Newtonian fluid [with conditions (1.5), (1.9)], initiated by the initial data and body forces

(the "source"), begins from a state of rest v = 0 at the moment of time T¢ — the connection
of the "sources."

Note 1,2. Theorem 1.1 can also be formulated in the following manner: for any constant
Cye (0, =) in (1.10) and sufficiently small Cg in (1.11), there exists Tge (0, ») such that
(1.12) and (1.13) are valid. A similar theorem for f = 0 was proven in [11].

Note 1.3. The constant K in inequality (1.15) is independent of Q@ if m = 2, q = 2n/
(n+2), gq>1, Thus, in the present case, the above-formulated theorems are also valid for
the Cauchy problem v(0, x) = v,(x), p(0, x) = po(x), x€ R? for system (1.1)-(1.4).

Now let us study local properties of the solutions of system (1.1)-(1,4) outside of the
connection with the boundary conditions. We will restrict ourselves to examining solutions
of the particular form

vit, )} = (0, 0, w(t, z;, x)), olt, 2) =1,

£(t, ) —= {0, 0, f{t, xy, x)), Oploxy = a(t), (1.18)

assuming that the pressure gradient a (t) is assigned. This solution can correspond to flow
in a pipe. Then we write system (1.1)-(1.4) in the form

owlot = div F(yw) — ap/dry -i- |. (1.19)
We assume that the vector Fi(Vw) satisfies the condition

Slywit < Flyw)yw < 8 Hywlt, 2 <Tq. (1.20)

We introduce the notation Bp(xo) = {x: x€ Q, |x = x,| < p} and, in the region Bpl x (0, T),
we examine the solution of Eq. (1.19) with the initial condition

w(0, 7) = wy(z), zE By, (1.21)
It is further assumed that
T
(\\ woB,s, + §17(5, ) \\3.der) < C(p—p¥®, (1.22)
o
pe (0, py), 0<Cpy <y, &= (39 — 2V4{qg — 1);
(la@i+ 1w e, ) <M. (1.23)

THEOREM 1.2 (metastable localization). Let w(t, x)e V, be the generalized solution
of Eq. (1.19) in By, X (0, T) with initial condition (1.21), and let conditions (1.20)-(1.23)
be satisfied. Then there exists t, = t,(M, q, py, 6)€ (0, T) such that
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;
ut, x):(w(t, z) + ja(t)dr) =0, ze Bpa, IES TN (1.24)
0

Proof. We introduce the energy functions

luam:wuwxwam%,bmm=32&Hme

t (1.25%)
E(t p) = S (F (yu), v)s,dt.
which, as can readily be shown, have the properties
A :
%Pb: - j (F (vu), VU)on, dt = 8 _Y" v Uq,aBDdT,
’ ’ (1.26)

GE , ,
;;:M,wm%>MWuM%-
i

In accordance with Eq. (1.19), for the function u(f, x)=w{t, z) + ga(r)dn we obtain the energy
]
equality

(L ) — 110, ) + B 0) =11 + 1y, (1.27)

lv‘ -

H i

where I,::S(F-n,u%BDdr;I2::§(LzQBOdr:n is the vector of the normal to SBp. In accordance
0 6 )

with {11-13], the terms in the right side of (1.27) can be evaluated as follows:

i
1< 2Tt ) + 4 (1765, I Baydr, €0,
Q

OE {(1.28)
1<+ j‘ivuqup Jilpon, dv<<e (B - b)+ € [ 22)™

(C = C(T, M, q. 8 ), v =8/(3g — 1), a = 3qg — 2/4(g — 1)).

Combining (1.27) and (1.28), allowing for (1.22), and appropriately choosing ¢ > 0, we arrive
at the final inequality

E< E+b<aﬂ@h@mw+bmwwym”m (1.29)

in which a and b depend only on M, q, §, and T. In accordance with the results in [30, 31},
for an inequality of the type (1.29) there exists t, > 0 such that E(t, p,) = 0, t < t < t,.
This completes the proof of the theorem.

Note 1.4, Thus, if a non-Newtonian fluid [with the law (1.20)] is at rest [w{0, x) =
u(0, x) = 0] in the region Bp, at t = 0, then its motion is determined by the fOllOWlng re-

lation, regardless of the boundary conditions and the "sources'" outside B,

t
—fﬂﬂh,&gx@mxeB%

0

In particular, the state of rest is maintained [w(t, x) = 0] at te [0, t,] if there is no
pressure gradient (g = 0).

Note 1.5. As in the previous case, the energy method can be used to study problem (1.1)
(1.4) with allowance for the change in the temperature of the medium o(t, x) by adding the
following equation to the system

ﬁgsgﬁl uw@}:mWMLL&v@+Luwxxw
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Here, it is possible to consider the more general relation F(D, 0), as well as nonlinear laws
governing heat conduction and volumetric absorption in the form [11-13]

1PN O << AVO (18P VO, —1 < B, 1 <Tx,
= =9[R F Lyft, 2, v), 0<<y, O<< o< 1L
2. Simultaneous Flows of Surface Water and Groundwater. The studies [11, 23] examined

mathematical models of the simultaneous no-head flows of surface and subsurface water based
on equations of plane filtration and the hydraulics of open channels.

In the simplest case (channel of rectangular cross section and constant width, water-
confining stratum and channel bottom horizontal, etc.), the corresponding system of equations
and the internal contact conditions have the form [23]

Mo divHYH) + fa(t o), c=Q T (2.1)

7 2 NG oH
%”[— iz 0_3—(11- (s, u)] u¢[~1,-%'fs./) — [H S—”—L +/r(t.n), r=T; (2.2)
ol I). z=T. 0<o. - const. (2.3)

Here, H(t, x) is the level of the groundwater in the region @ < R?; u(t, s) is the level of
water in the channel, corresponding to the curve of T in Q; s is the length of an arc along
Ty n is the vector of the normal to T'; Hy are the values of H in the approach of T from dif-
ferent directions (accordingly, [Hlp = Hy — H_); fo(t, x), Fp(t, x) are assigned external
inflows of water — "sources."

With fr = fg = 0, the authors of [11, 23] used the energy method to prove the finite
velocity of the perturbations for H(t, x), u(t, x) from zero initial data. Below, we prove
the existence of metastable localization for solutions (2.1)-(2.3).

We will study the local properties of the solution w= (H(t, x), u(t, x)) of system
(2.1)-(2.3) in the circle By (x,) = {x: xe Q, |x = x,| < p}, xp € I without restrictions on
generality, assuming that x, = 0,

In={r:z2esQ,2,=0|z <0}, s=x2, By ={r:z= B, 0 51,
The existence of the generalized solution w = (H, u)e& V was proven for system (2.1)-(2.3)
in [23] for fundamental initial-boundary-value problems. Here,
Ve [(Houw) OS(H, wy<< M, VEyHe L2 (0, T; 12 (By)),
P u e L (0, T, 172 (T, )}, (n(fu=s") | < M),

THEOREM 2.1 (metastable localization). Let w = (H, u)e V be the generalized solution
of system (2.1)-(2.3) in By, x (0, T) and

T
QHO. ) =10, iy + § (Lfolf o+ 1piny) d) <
0 (2.4)
SCO—p)¥" 7 p= 0. p), 0<po<py &= 3/6,

Then there exists t, = t,(M, C, p;, T) such that w= (H, u) = 0, x€ By s 0 st s tg.

Proof. We introduce the notation

Tt 0) = (1H (& e, +Tult )Er,). (o) = sup H(x, p)

0<€T<
t

E(t, p) = | ((HVH, vH)s, + (b, |1 [¥2)r,) dr,

0

t
D= { S0, w— HaP)r,dv, F = | ((Ga. H)p, + (v, whr,) dv.
= o

™
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Then the energy equation corresponding to system (2.1)-(2.3) has the form

ST, ) —T1O, ) + E(t, p) + D* =
(2.5)

¢

oH : -

—h 5 ((H on’ H)aap TP fus T uu xiz_[)) dv.
0

Performing calculations analogous to (1.28), we arrive at an inequality of the type
{1.29). Analysis of the latter completes the proof of the theorem.

Note 2.1. Theorem 2.1 has the following physical interpretation. The region Bpo, not
occupied by water at the initial moment of time t = 0, remains so at t < t, as well, regard-
less of the boundary conditions and the sources outside Bpo'

3. Two-Phase Filtration of Immiscible Incompressible Fluids. The nonsteady filtration
of two immiscible incompressible fluids in a nonuniform anisotropic medium is described by
a system of equations of the composite type [22]:

m(x)g%::(hv(Kh(xﬁz@)vs——b(Q\'+-F(x,s»; (3.1)
divv =10, v= —(K(x, s)yp - ¥z, 5)), = Q < A", (3.2)

Here, the sought functions are the saturation s(t, x) (0 < s € 1), the "corrected" pressure
p(t, x), and the velocity of the mixture v. The coefficients of system (3.1)-(3.2) are de-
termined by the formulas

ap,
—= U(]fol T Koa)y b = Koulk,

a (S) = kOlkOZ s

(3.3)
k

X k .
b= 0;1c 22 Ko (Valr + (02— 01) 8), K= kyy + Koy

where pyx is the capillary pressure; ujk,j; are the relative phase permeabilities; wy and pj
are the viscosities and densities of the fluids; g is acceleration due to gravity; K, is the
symmetric filtration tensor for a uniform fluid; m is porosity. Depending on the form of

the functional parameter k,, and pg, the coefficient a(s) in (3.1) may either vanish or be-
come infinite at values of s = 0.1 — thereby establishing the different character of propaga~
tion of saturation perturbations s{t, x). TFor system (3.1)-(3.2), the authors of [22] proved
the theorem of the existence of the generalized solution w = (s, p)e V, where V = {(s, p):
0<ss 1, Yaxvse L2(0, T; L?(Q)), Vpe L®(0, T; L4(Q))}, n < q s », while the authors of
[10, 11] established a finite localization time s(t, x) [2(0) = », s = 0] in the case of a
boundary-value problem and a finite rate of propagation of perturbations from the initial
data [s(0, x) = 0 or s(0, x) =1, a(0) = a(1) = 0]. Below, we show that with the additional
condition for the initial data s(0, x) = s,(x), this solution also has the property of meta-
stable localization (localization with inertia) at a(0) = O.

Let us examine system (3.1)-(3.2) in the region Bp, x (0, T), assuming satisfaction of
the conditions

s K ,":’ < 3
Alais;(mggﬁfgfl s %%—)s;ﬂl, 0 1 (3.4)
LSRR
(|n(as—%)]; | Filst=a | divg F|s%; | by lsm+viz) < M; (3.5)
1500, 2) .5, < Clp — 0" ™%, 24 anig<v + 2< o (3.6)

THEOREM 3.1 (metastable localization). Let w = (s, p)e V be the generalized solution
of metastable system (3.1)-(3.2) and let conditions (3.4)-(3.5) be satisfied. Then there
exists t, = t,(M, C, o, g, p,) > 0 such that

st, 1) =0, z= Bpo, 0t << 1.

Proof, We introduce the energy functions

i
I (2, p) == (ms(t, -), s(t, DB, Lt 0)= S(Knavs, Vs)z, dt
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and we make use of Eq. (3,1) in the form
s ., _
m _5% = div (KOaVS) - (bsV + F.;)VS + div, F. (3.7)

The energy equation corresponding to (3.7)
t
H . - ’ ’ . '
i (H (¢, P) -1 (01 P) + & (t, n) = 5((bsv -+ Fs) vV S) + div,F, S)Bp + ([&OllVSn, S)OB{)) dv
1}

similar to the case of Theorems 1.2 and 2.1, leads to an inequality of the form (1.29). Ana-
lysis of the latter completes the proof of the theorem.

Note 3.1. A similar theorem is valid for the function s(t, x) = 1 — s(t, x).

Note 3.2. In the region Bp, x (0, t,), the corrected pressure satisfies the elliptic
equation div (K(x, 0)vp +1(x, 0)) = 0.

Note 3.3. Theorem 3.1 can give the following physical interpretation. Let the region
Bpo be occupied by only one fluid [s(0, x) = 0 or s(0, x) = 1] at the initial moment t = 0.
Then for any action outside of Bpo, the displacement of the given fluid from Bpo does not
begin before the moment of time t, > 0.
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STABILITY OF REGULAR SHOCK WAVE REFLECTION

V. M. Teshukov UDC 533.6.011

As is known, the problem of steady supersonic inviscid gas flow around an infinite wedge
has a nonunique solution [1]. One of the solutions determines the flow with a weak attached
compression shock, and the other with a strong shock. An analogous nonuniqueness occurs in
the problem of regular reflection of an oblique compression shock from a rigid wall (strong
and weak reflected shocks). Stability of the flow with weak and strong reflected shocks rela
tive to small nonstationary perturbations is investigated in this paper. Correctness of the
problem of the perturbations of the flow with a weak reflected shock and incorrectness of
the problem of perturbations of the flow with the strong shock are established. This result
determines the stability boundary of regular shock reflection. Questions of the stability
of flows with strong and weak shocks have long attracted the attention of researchers {[21.
Analytic results were obtained earlier just for model simplified formulations of the gas dy-
namic perturbation problem [3-5]. Assertions about the stability of flows with weak shocks
and the instability of flows with strong shocks were expressed in [5, 6] in connection with
an analysis of the results of calculation experiments.
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